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Abstract—Numerical analysis of thermally developing and simultaneously developing mixed convection
flow and heat transfer with variable viscosity in an isothermal horizontal tube has been carried out.
Parametric computations were performed to investigate the effect of inlet Prandtl number, inlet Rayleigh
number, wall-to-inlet temperature difference, and inlet axial velocity profile on the Nusselt numbers and
apparent friction factors for both heating and cooling conditions. The results indicate that the effect of
variable viscosity is more pronounced on the friction factor than on Nusselt numbers. In addition, the
effect of inlet Rayleigh number and inlet velocity profile on the Nusselt numbers and friction factors exists
only in the near-inlet region. A parameter found by scaling analysis was used to empirically correlate the
computed Nusselt number and the friction factor data and the available experimental Nusselt number data
for both thermally developing and simultaneously developing flow and heat transfer. The developed
correlations are more accurate, have wider ranges of applicability than those available in the literature,
and should be of much use to designers.

INTRODUCTION

Mixed convection flow and heat transfer in smooth
ducts has been studied extensively for a variety of duct
geometries, duct orientations, and boundary
conditions, as evident from refs. [1-3]. Mixed con-
vection in horizontal ducts gives rise to secondary flows
characterized by counter-rotating vortices and ther-
mal stratification, which increases the pressure drop
and heat transfer, reduces the thermal entrance length,
and induces an early transition to turbulent low. For
ducts with a uniform heat flux (UHF) boundary con-
dition (found in applications involving electrical heat-
ing or in fluid-to-fluid heat exchangers where the exter-
nal heat transfer coefficient is low), a wall-to-bulk
temperature difference exists throughout the length of
the duct. As a result, secondary flow exists through
out the duct length. In contrast, for ducts with a uni-
form wall temperature (UWT) boundary condition
(e.g. condensers, evaporators, etc.), the secondary
flow develops to a maximum intensity and eventually
diminishes to zero as the wall-to-bulk temperature
difference diminishes if the duct is long enough.
Experimental investigations have dealt with a variety
of liquids (such as water, glycerol-water mixture, ethy-
lene glycol, oil, etc.) but have been mostly limited
to the thermally developing flow situation where a
unheated flow length was provided to obtain a fully
developed flow at the test section inlet. These inves-
tigations [4-14] have suggested a number of empirical
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correlations (see Table 1) for the length-averaged
Nusselt number, where the effect of variable viscosity
was taken into account through the use of the Sieder
and Tate [15] type of correction. The effect of variable
viscosity on free convection was neglected or was
incorporated into the viscosity ratio correction term.
Joshi and Bergles [16] pointed out that for ducts with
isothermal walls, the exponent on the viscosity ratio
correction factor in the Sieder and Tate correlation
depends on the viscosity~temperature (v—T) relation-
ship of a particular fluid and changes significantly
from the thermal entrance to the fully developed flow
region. Due to these shortcomings, the available cor-
relations are highly inaccurate and even the most accu-
rate and widely recommended [l] correlation of
Depew and August [11] has an uncomfortable error
of +40%.

For simultaneously developing flow and heat trans-
fer, the available experimental data and correlations
are limited to air [7, 12]. In addition, no correlation
for predicting the pressure drop is available. Since
entrance length could be significant for large Prandtl
number fluids (Pr > 50), a more extensive database
and accurate correlations for predicting heat transfer
and pressure drop are needed.

Numerous numerical investigations dealing with
mixed convection flow and heat transfer in isothermal
ducts exist. Hieber and Sreenivasan [17] carried out an
approximate perturbation analysis for simultaneously
developing flow and heat transfer. Their analysis was
further extended by Yao [18] by including the inter-
action between the core and the near-wall boundary
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NOMENCLATURE
abc constants in viscosity-temperature Greek symbols
model o hydrodynamic boundary layer
A tube cross-sectional area [m?] thickness [m]
D tube diameter [m] 5, thermal boundary layer thickness [m]
fuwp  apparent friction factor, A Surc/dine = RaVAF ()2
~3(dp/dz)(D]pwi,) AT (T,~Tw [K]
F (1+H)/v* ¥ constant in viscosity-temperature
g gravitational constant, = 9.81 m s~ model
h heat transfer coefficient [W m 2K ~!] ¢ (T—T,)/(Ty—Ty)
Gr  Grashof number, = g8 |AT|D*/v* u dynamic viscosity [Pa s]
Gz  Graetz number, = D Re Pr/4L v kinematic viscosity [m?s~']
k thermal conductivity [W m~' K~} v wfv,
L characteristic length [m] Vv v/ dD)(Tw— T} /vy
Nu  Nusselt number, = hD/k I fluid density[kg m 7]
PP average pressure {Pa] ; average non- 0 angular coordinate {rad].
dimensional pressure p/p;, w2
P pressure driving cross-stream flow {Pa]
P’ non-dimensional pressure driving Subscripts
cross-stream flow p’D?/p,.pZ am  arithmetic mean

pPr Prandtl number

rR radial coordinate {m] ; non-
dimensional radial coordinate r/D

Ra  Rayleigh number, = Gr Pr

Re Reynolds number, = w,,D/v

T temperature [K]

uvw azimuthal, radial, and axial velocity
components, respectively {m s™!]

UV W non-dimensional velocities uD/v,
vD /vy, w/wy, respectively

y wall coordinate [m]
zz*¥z* axial coordinate [m], z/(DRey,),
z/(DRe;, Pr,).

b bulk
ch characteristic

CP  constant property
f film
FC  forced convection
in inlet

Im log mean
m peripheral and length-averaged

NC natural convection
TD  thermally developing
TR  transition

w wall

0 reference.

layer flow. A more accurate finite difference solution
was presented by Ou and Cheng [19]. However, to
conserve computational time and preserve numerical
stability, their solutions were carried out for low
values of Rayleigh number (Ra < 10° using a large
Prandtl number assumption (Pr — o). Hishida et a/.
[20] relaxed the large Prandtl number assumption;
however, the solutions were presented only for air.
More recent studies include those by Pascal Courtier
and Greif [21], Choudhury and Patankar {22}, and
Zhang and Bell [23], among others. However, none
of these studies included variable viscosity in their
analysis. The assumption of constant viscosity is
unrealistic and could tead to large errors in predicting
the heat transfer and pressure drop as the viscosity of
most liquids vary significantly even at moderate wall-
to-fluid temperature differences. Recently, Hwang and
Lai [24] presented solutions for a wide range of Ray-
leigh numbers (Ra = 0 ~ 10 x 10%) using the assump-
tions of large Prandtl number, fully developed flow at
the inlet, and constant viscosity. Correlations to pre-
dict the mean Nusseit aumbers in the region where
entrance and buoyancy effects balance each other were

presented. However, due to the simplifying assump-
tions and the narrow range of validity, their cor-
relation is of limited practical use.

For simultaneously developing flow, none of the
the available numerical analyses has considered the
effect of inlet geometry on mixed convection heat
transfer and fluid flow. Since the inlet geometry influ-
ences the entrance velocity profile and, hence, the heat
transfer and the onset of transitional flow, it is clear
that inlet geometric effects should be included in the
analysis for accurate and realistic predictions.
However, it must be noted that it is difficult to quantify
or model inlet geometry effects and experimental
study may be the only recourse to investigate its influ-
ence. In this regard, some limited experimental results
have been developed by Ghajar and Tam [25] for three
different types of inlet geometries, namely: square-
edged, bell-mouthed, and reentrant for UHF boun-
dary condition. The effect of inlet geometry was
reported to be negligible for laminar flow but had a
considerable effect on transitional hieat transfer.

An examination of the literature revealed that pres-
sure drop correlations for developing laminar mixed
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Table 1. Length-averaged Nusselt number correlations for developing laminar mixed convection flow and heat transfer in

horizontal isothermal tubes

Reference Correlation Comments and limitations
w)'?

Colburn [4] Nuy, = 1.75 (——) Gzi* (14 CGrl™) Air, water, oils
P 24 < Lid < 400

where C = 0.015

B

Kern and Othmer [5] Nuyy, = 10.45 <ﬂ

W

& A

Eubank and Proctor [6] Nu,, = 1.75 (

w

where C = 12.6

Jackson et al. [7]
where C = 7.57 x 1073

Eﬁ N

Oliver [8] Nuy, = 1.75 <

W

where C = 5.6 x10~*

Brown and Thomas [9] Nu,,, =175 (EE .

W

where C = 0.012

ESDU [10] i

w

where C = 0.083

& N

Depew and August [11] Nug, = 175 (#

w

where C = 0.12

Yousef and Tarasuk [12]

W

where C = 0.245

Hieber [13] Ko

0.14

) Gz'?(140.01Gr'*)/In Re
0.14

) [Gz+ C(Gr PrD/L)**)"?

Nu,, = 2.67[G2> +C (Gry Pr)*]"6

0.14
) [Gz+C(Gr PrL/D)*7]'?

0.14
) [Gz+C (Gz Gr'?)**]'"

0.14
) [G2+C(Gz Grl/spro.ae)u.ss]m

0.14
Nuy, (f) = 175[Gz+ C(Gz'5Gr')* 2]

0.14
Nuam = (“) [Nuéc + IV"‘?S~IC:|“3
Mo

0.76 < Pr < 160

Oil, 48 < L/D < 193
10° < Gr < 107

100 < Gz < 3000

39 < Pr <2040

0il, 61 < L/D < 235
10° < Ra < 10°
12 < Gz < 4900
140 < Pr < 152000

Air, L/D = 31
Gr ~ 10°
33 < Gz < 3300, Pr =0.7

Glycerol-water, alcohol
Water, L/D =72

29 < Gr<1.6x10°

7 <Gz <187

1.9 < Pr <326

Water, 36 < L/D < 108
10* < Gr < 10°
19<Gz< 112
35<Pr<638

0.14
Nu,, = 1.75 (;—) [Gz+ CRa3,’4]1/3 B

Glycerol-water, alcohol
Water, L/D = 28 .4

510 < Gr < 10°

25< Gz <712

5.7 < Pr < 391

Simultaneously
developing, air
6 < L/D <46

20<Gz <110

Ra < 4x10°

where Nuyc = [1.081n (1 +1.14z% Ra'/4)]/2*
and Nugc = 1.62(2*)_‘/3 exp (—16.4z%)+

3.66[1 —exp (—27z%)]
Palen and Taborek [14]

where Re* = Re+0.8Gr® exp (~42/Gr?)

convection flow are not available. The few available
correlations [26, 27] were developed for fully
developed flow and UHF boundary condition, and
do not account for variable. viscosity effects. For
pure forced convection flow, the existing pressure
drop cortelations [3] are valid for fully developed flow
and account for variable viscosity effect through the
use of viscosity ratio correction factor. Such a type of
correction has been shown to be inadequate in the
developing region [16] for predicting heat transfer.

0.14
Nit = 2.5+4.55(Re*D/L)*¥" Pr"7 (ﬁ>

0<L/D<x
0 < Gr < 107

0.1 < Re < 2000
1072 < o/, < 55
20 < Pr < 10*

W

Thus, the validity and accuracy of these correlations
in the entrance region is questionable.

Thus, it is clear that although numerous studies
(both experimental and numerical) have been under-
taken to study mixed convection flow in isothermal
ducts, little effort has been spent on analyzing variable
viscosity effects, particularly for simultaneously
developing flow and heat transfer. As a result, accu-
rate correlations for predicting heat transfer and pres-
sure drop are lacking. Therefore, the present inves-
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tigation was initiated, (i) to perform scaling analysis
and find parameter(s) which would correlate the pre-
sent and the existing data better, (i) to numerically
simulate mixed convection flow and heat transfer ina
horizontal isothermal smooth tube by including vari-
able viscosity effects, and (iil) to accurately correlate
the average Nusselt number and apparent friction fac-
tor for such flows. The analysis presented here will be
limited to the UWT boundary condition because it
closely simulates heat exchangers with fluid-to-fluid
heating or cooling. In addition, due to lack of infor-
mation, an uniform inlet velocity profile will be
assumed for the simultaneously developing flow situ-
ation. Furthermore, unless otherwise stated, all the
properties used in this analysis will be evaluated at
the average bulk temperature to maintain consistency
with the experimental results.

SCALING ANALYSIS

In order to perform the scaling analysis, the boun-
dary layer equations for conservation of mass,
momentum, and energy for pure forced convection
flow in a circular duct are considered. These equations
in a confined axisymmetric flow coordinate system
[28] are:

0 0
5)—}(rv)+é;(rw)=0 (1)
ow ow 1dp 12¢ ow
”@*Wa—‘;&+75@%ﬂ @
oT 0T a o 0
”é}”?f?@(’?;)' 3

In the boundary layer regime, the changes in y, z,
w, and T are scaled by y~ 4§, z~ L, w~ w, and
T ~ (T,—T,). Thus, from the continuity equation,
the scale for the radial velocity is v ~ wy, §/L. The scale
for the inertia terms is then w2 /L. The scale for the
friction term can be derived by assuming v = v(7) and
expanding the friction term using chain rule as:

120 ow
; ‘—3; <r v a—y) =V
The scale for the friction term can then be obtained
by rearrangement of the above equation by sub-
stituting the scales of each individual terms as friction
~w;,v(149)/6%. The scale for the pressure gradient
term can be obtained by applying Bernoulli equation
in the core region since by definition the core flow is
inviscid as:

*w dv OT ow

o awy @

1dpP ow s
PR i Win/L. ®)
Finally, invoking a balance between inertia, pres-
sure, and frictional force and introducing the Reyn-
olds number, we obtain
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Incorporating the result §/6, ~ Pr~"/? from boun-
dary layer theory [29], we obtain

# 172
(B/D)rc ~ (b?sz) . ™

Since the length L is arbitrary, we can replace L by
z and rewrite equation (7) as:

(8/D)sc ~ (Fz7)'2. ®

To account for the variable viscosity effect, the term
F, where F = (1+7)/v™, includes both the viscosity
ratio, v*, and the non-dimensional slope of the v—T
curve, V. For constant viscosity, % =1 and
Nugc ~ (D/8)pc ~ (z*) "% which agrees with the
result given in ref. [29].

For pure natural convection flow, following ref.
[29], the momentum equation for Pr > 1 (applicable
to many liquids) is a statement of balance between
frictional and buoyancy forces, the scales of which
are o, (1+)/87 and gB(T, ~ Ty), respectively. The
scale for the characteristic velocity, v, that scales the
secondary flow brought upon by buoyancy effects is
given in ref. [29] as vy, ~ «D/?. Replacing v, in the
frictional and buoyancy scales and equating these, we
obtain:

(8/DYnc ~ (RafF) ™', ®

For constant viscosity (% =1), we have
Nuye ~ (D/8)ne ~ Ra"*, a result which agrees with
that in ref. [29].

Next, we define a parameter, A, given by

_ @D
(6./D)xc

which is a measure of the relative strengths of the two
different modes (forced and natural convection) of
heat transfer. Since the type of convection mechanism
is decided by the smaller of the two scales, d,xc or
dine, the transition from forced to natural convection
occurs approximately at A = 1. When A < 1, forced
convection dominates and when A > 1, natural con-
vection dominates. Furthermore, because the par-
ameter A suitably combines the parameters governing
variable viscosity effects (#), natural convection
effects (Ra), and forced convection effects (z*), it
could be used for correlating Nusselt numbers and
friction factors for mixed convection flow and heat
transfer with variable viscosity.

A = Ra'“F'4(z)'?  (10)

NUMERICAL ANALYSIS

The problem investigated is a three-dimensional
parabolic, internal flow problem. In the present analy-
sis, a parabolized Navier-Stokes formulation is fol-
lowed which allows the pressure, p, to be divided into
two parts as
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p(r,0,2) = p(2)+p'(r, 0). ay

The non-dimensional equations of mass, momen-
tum, and energy conservation in r—f-z polar coor-
dinates with the assumptions of (i) steady, laminar
flow, (ii) negligible viscous. dissipation, axial con-
duction in fluid and duct wall, (iii) applicability of the
Boussinesq approximation, and (iv) variable viscosity
are:

10(/1

ow
R3 RaR(RV)J"_:O

(12)

1o

1
R 89(UU)+

R 3R
v 10P 1 3 (vaU
R- R TR ae\v

Vi 06
d [ v oRU)
TR OR| v, R " OR

(RVU)+ = o wu)

v 1 oV

Vin R2 66

—Grip,dsinf (13)

16 1 U2
RaH(UV)+EE§(RVV)+ (WV)

Lo Lo (vory o _v_a(RV)
"R TR ae v 00)" @R|VvoR R

v oU

R2 0 +Gri,¢pcos® (14)

16 1
7Y * roR

_df+1 b v&

Tdz* T R2a0\v, a0
10
R0

(RVW)+ *(WW) =

1 9

vR ¢
L o

(U¢)+ (RV¢)+ e (W¢)

R OR

1{1a2¢ 10

o¢
+E5}<Rb§)} (16)
Equations (12)—-(16) were solved along with inlet
and boundary conditions of

U=V=W=0 and ¢=1 at

R* 86°

R=05

60=0 and =

W {2 —8R* thermaily developing
Rl simultaneously developing

at z*=0 (17)

by using the general purpose finite-volume com-
mercial program PHOENICS which is based on the
SIMPLEST algorithm [30]. A non-uniform grid was
used for the radial and axial directions to concentrate
more grid points near the wall and the inlet, respec-
tively, while a uniform grid was used for the azimuthal
direction. The radial power-law grid was generated

1949

by R, =0.5—0.5[(N—/)/N]'?, where N is the total
number of radial grid points, and the axial grid was
generated by varying the distance between two con-
secutive grid points as Az}, | = 1.1Az}.

The apparent friction factor, which is based on total
pressure drop, takes into account both frictional pres-
sure drop and the change in momentum rate (due
to change in velocity profile) in the hydrodynamic
entrance region. Following ref. [31], the apparent fric-
tion factor was calculated as:

4 ¥ fn
funRen = — j J v+ (8W/OR), dO dz*
nz o Jo

1 2
5 *j (W2—w2)d4. (18)

From the computed non-dimensional velocity and
temperature fields, the average Nusselt numbers were
calculated as:

Nu, = 2 f jﬂ Md@d:*

nz* o (I—dy)
1 ¢

Nutyy, =

o = gt 1= 42

([ o) )

VISCOSITY MODEL

As seen from the scaling analysis, the parameters ¥
and v* describe the variable viscosity effects. Since
these parameters depend on the v—T behavior, it is
imperative that an accurate v—T model be used to
ensure accurate prediction of Nusselt numbers and
friction factors. An examination of the literature
revealed that four different v—7 models for liquids
have been used most often. These models along with
representative refs. [16, 32-34] are shown in Table
2. To assess their accuracy for a wide range of Pr
(2 £ Pr < 1250), these models were fitted to the v-T
data for water, ethylene glycol, and a heat transfer oil.
Model 4 consistently provided the best fit as compared
to the other three models. This is not surprising since
model 4 has the largest number of adjustable
constants. Thus, it was concluded that model 4 is
the best representation of the v—T variation for most
liquids. In this investigation, model 4 was used to
represent the v—T variation of water, ethylene glycol,
and a heat transfer oil, PARATHERM-NF. To
ensure an accurate fit, separate regression analyses
were carried out for each of the AT ranges studied.
The values of the v—T model constants for different
fluids and for different ranges studied are shown in
Table 3.

RESULTS AND DISCUSSION

To establish grid independence for z* as small as
107%, numerical experiments were carried out for
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Table 2. Viscosity temperature models of liquids

Model v—T relation Representative reference
1 vive = exp [—y(T—Ty)] Joshi and Bergles [16]
2 v/vg = 1/(1 +y¢) Yang [32]
3 vive = exp [y(1/T—1/T,)] Rosenberg and Hellums [33]
4 Inln (v/10=°—¢) = aln T+b Test [34]

Table 3. Constants used in the viscosity-temperature model!

Fluid Ta (K) AT (K) a b ¢
Water 283 30 —5.8950  33.0316 —0.88
Water 360 -30 —5.8950  33.0316 —0.88
Ethylene-glycol 300 20 —~4.3200  26.6345 —0.80
Ethylene—glycol 300 -20 —~4.3113  25.5855 —0.80
PARATHERM-NF 283 30 —~4.7294  28.2715 0.50
PARATHERM-NF 313 30 —~4.1640  25.0254 0.50
PARATHERM-NF 313 —30 ~4.7294  28.2715 0.50
PARATHERM-NF 368 10 —-5.2636  31.4674 0.50
PARATHERM-NF 368 —10 ~4.7669  28.5382 0.50
PARATHERM-NF 368 30 ~5.3586  31.1902 0.50
PARATHERM-NF 368 -30 ~4.6920  28.0935 0.50

Pry, = 1250, Ra, =10°, and AT =30 K using
60 x30x 154 and 60 x 60 x 154 (r x 0 x z) grids. The
computed average Nusselt number and apparent fric-
tion factors for these two grids differed by less than
1% for both thermally and simultaneously developing
flow and heat transfer. Hence, to conserve com-
putational time a 60 x 30 x 154 grid was used in this
study. The initial Az* was chosen as 107 to obtain
accurate results in the near-inlet region; smaller values
were avoided for computational economy.
Parametric computations were conducted for both
thermally and simultaneously developing flow and
heat transfer for Pr, = 2, 10, 50, 150, 200, and 1250;
Ra,, = 10°, 105, 107, 10%; AT = —30, —20, —10, 10,
20, 30 K ; and for constant viscosity. The numerical
scheme was validated by comparing the pure forced
convection (Ra, =0) constant property results
against the classical Graetz solution {31}. Close agree-
ment (in the range 0.1-0.6%) was obtained. As a
further check, the results for thermally developing
mixed convection flow (Ra, =8x10°, Pr, = 10%,
constant viscosity) were compared against the numeri-
cal solution of Ou and Cheng [19]. The agreement in
Nu,,, was within 3.5%. Furthermore, computed Nu,,
were compared against the experimental data tabu-
lated by Oliver [8] for 80-20 glycerol-water solution
and by Depew and August {11] for water with two
different cooling conditions. The v—T variation of
these fluids was incorporated in the analysis by fitting
model 4 to the property data. The agreement is satis-
factory as shown in Fig. 1, considering the exper-
imental uncertainty (generally in the range 10-15%
for Nusselt numbers). It may be noted that the agree-
ment between the experimefitally determined and the
present numerically calculated Nu,,, is slightly better
than that obtained in ref. {19]. This is probably due

to inclusion of variable viscosity and relaxation of
the infinite Prandtl number assumption in the present
analysis. In addition, the streamline patterns (indi-
cating two counter-rotating vortices) at various axial
locations for the range of parameters investigated
were qualitatively similar to those present in the litera-
ture [19, 24]. The streamlines and isotherms for the
variable and constant viscosity were qualitatively
similar to each other. These plots are not shown in
this paper to preserve space.

The average Nusselt number, Nu,, for thermally
developing mixed convection flow for different ranges
of Pry, Ra;, and AT is shown in Fig. 2. From Figs. 1
and 2 it is clear that in the near inlet region forced

YT T T T

e
Ray,=1.8 x 104, Pr; =333, AT=10 K

Nug,

10!

I A  Oliver [8), 80/20 glycerol-water
| O Depew and August [11], water
O Depew and August [11], water

TN PR
1073

Z+

Fig. 1. Comparisonof numerically evaluated average Nusselt
number for thermally developing flow and heat transfer with
available experimental results.
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Pr;,=200, Ra;,=105, AT=30 K
Pr;;=50, Ray, =107, AT=30 K

Pr;;=50, Ra;, =107, AT=-10 K
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PPV R L et o
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Fig. 2. Average Nusselt numbers for thermally developing
mixed convection flow and heat transfer.

convection dominates, and the Nusselt numbers are
influenced by the entrance and variable viscosity
effects only.

For simultaneously developing mixed convection
flow and heat transfer, the parameters Pr,,, Ra,,, and
AT were varied to investigate their effect on the aver-
age Nusselt number and the apparent friction factor.
The effect of Pr,, on Nu,, and f,,Re,, for AT =30 K
and Ra;, = 10° are shown in Fig. 3(a) and (b}, respec-
tively. In the near-inlet region (z* < 2x107%), the
Nu,, curve for lower Pr;, values lies above those for
higher Pr, values demonstrating the presence of
entrance effects. However, further downstream the
Nu,, curve for Pry, = 1250 lies above those for
Pr, = 200 and 50. This is because, even though AT
was fixed at 30 K for the three Prandtl numbers, the
variable viscosity effect is most pronounced for the
Pry, = 1250 case due to the steep slope of the v—T
curve of the simulated fluid at lower temperatures (or
higher Prandtl numbers). For instance, the maximum
value of v* for Pr,, = 1250 is 6.05 as compared to 2.49
and 1.18 for Pr,, = 200 and 50, respectively. A higher
value of v* for heating causes a larger viscosity gradi-
ent which offers lower resistance to the buoyancy-
induced secondary flow, thereby enhancing the heat
transfer. For the apparent friction factor, the curve
for higher values of Pr, generally lies below those
for lower Pr,,. However, for 1073 < z* < 1072, which
corresponds to the region where free convection
effects dominate (as reflected by the plateau on the
Nuy, plot), the f,.Re,, values for Pr,, = 200 overshoot
those for Pr, = 50 by around 10%. This is due to
the increased viscosity gradient which increases the
secondary flow and, hence, the pressure drop. This
effect is not seen for Pr;,, = 1250 case as the associated
near-wall viscosity is large enough to damp out the
secondary flow brought upon by the viscosity gradient
in the fluid.

The effect of AT for heating and cooling on Nu,,

1951

(a)

Nug,

(b)

10

fappRein

10

AT=30K
Ra =1 0s

RTTT BRSSPI sl
10 10°% 10+ 107 107

+

i

sl
10

4
Fig. 3. (a) Effect of inlet Prandtl number on average Nusselt
numbers for simultaneously developing mixed convection
flow and heat transfer. (b) Effect of inlet Prandtl number
on apparent friction factors for simultaneously developing

mixed convection flow and heat transfer.

and f,.Re,, for Pr;, = 50 and Ra,, = 10° is shown in
Fig. 4(a) and (b), respectively. The Nusselt number
increases with increasing AT for heating and decreases
with increasing AT for cooling, as expected, for the
entire range of z*. When a liquid is heated, the liquid
in the near-wall region is less viscous than that in the
center. Consequently, the fluid velocity in the near-
wall region is larger for a heated liquid than that for
a unheated liquid at the same average temperature.
Furthermore, the secondary flow is also increased due
to lesser viscous resistance. Both these effects con-
tribute to the increase in heat transfer during heating.
The opposite is true for cooling, where the heat trans-
fer is reduced. The maximum increase or decrease in
Nu,, for heating or cooling as compared to the con-
stant viscosity situation is around 15-20% for the
range of parameters studied.

However, the effect of variable viscosity on the pres-
sure drop is much more pronounced, as seen in Fig.
4(b). For instance, f,,,Re;, for heating with AT = 30 K
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Fig. 4. (a) Effect of wall-to-inlet temperature difference on

average Nusselt numbers for simultaneously developing

mixed convection flow and heat transfer. (b) Effect of wall-

to-inlet temperature difference on apparent friction factors

for simultaneously developing mixed convection flow and
heat transfer.

is lower than that for the constant viscosity case by
around 50%. This reduction is primarily due to the
reduction of liquid viscosity in the near-wall region
due to heating. The increased secondary flow brought
upon by heating is seen to be dominated by the effect
of lower viscosity for the heating ranges considered in
this study. For cooling, f,,,Re;, initially decreases with
increasing z*, indicating dominance of entrance
effects, then attains a minimum, illustrating the bal-
ance between entrance and cooling effects, and then
finally starts increasing with increasing z* as the cool-
ing effect starts dominating. The location of the
JappRein minima in the z* scale roughly corresponds
to the location where constant viscosity, hydrodynamic-
ally fully developed flow is attained. The increase in
SappRein s larger for flows with larger ATs (degree of
cooling), as expected. These results indicate that con-
stant viscosity assumption could lead to significant
errors in predicting heat transfer and pressure drop
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for mixed convection flows. Especially, the error in
pressure drop predictions could be significant even for
small or moderate ATs.

The effect of inlet Rayleigh number, Ra,,, on the
heat transfer and pressure drop for Pr,, = 200 and
AT = 30K is shown in Fig. 5(a) and (b), respectively.
In the near-inlet region (z* < 10™%), entrance effects
dominate, which make the curves for different values
of Ra,, almost indistinguishable from each other. Fur-
ther downstream, the Nu,, profiles starts deviating
from the forced convection (Ray, = 0) profile, indi-
cating the appearance of buoyancy effects. Further
downstream, the profiles exhibit a plateau (Nu, ~
constant), indicating a balance between entrance and
buoyancy effects, and then the curve drops sharply
with increasing z* as the wall-to-bulk temperature
difference’ diminishes. Finally, the Nu, profiles for
large z* appears to asymptotically approach the fully
developed value of 3.66. However, since computations
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were carried out up to z* = 0.2 for computational
economy, the asymptotic fully developed Nusselt
number was not obtained in the present study. Quali-
tatively, the Nu,, profiles are similar to those presented
in ref. [19].

The zt location where the Nu,, curve for mixed
convection begins to depart from its forced convection
counterpart can be estimated from the scaling analysis
presented earlier. As discussed earlier, the departure
occurs approximately when A = 1. Thus, the z*
location where transition from forced to free con-
vection occurs is given by

Zix ~ (RaF)~ 12, 20)

The effect of Ra,, on the apparent friction factor is
somewhat more complicated. As seen in Fig. 5(b), at
small values of z*(z* < 107%), the profiles are indis-
tinguishable from each other as entrance effects domi-
nate. For 107 < z* < 107, the £, Re;, curve for larger
values of Ray, lies above those for smaller Ra,, as the
larger secondary flow associated with high values of Ra;,
increases the pressure drop. For z+ > 1072, the friction
factor profiles cross over, and the £, Re;, curve for larger
Ra,, lies below those for smaller Ra,,. This is because for
larger values of Ra,,, the temperature profile develops
faster due to increased mixing caused by secondary flow.
The faster rate of thermal development, in turn, reduces
the secondary flow as the wall-to-bulk temperature
difference is diminished, leading to a decrease in the
pressure drop.

The effect of the inlet velocity profile on Nu,, and
fuppRe:, 1s shown in Fig. 6(a) and (b), respectively. The
thermally developing flow corresponds to a parabolic
axial velocity profile at the inlet, while the simul-
taneously developing flow corresponds to a uniform
axial velocity profile at the inlet. It may be noted that
the former is realized in practice when a sufficiently long
unheated flow length is provided prior to heating or
cooling or for very high Prandtl number flow, while the
latter is realized in the absence of any such unheated
flow development length and, thus, is more realistic. The
results indicate that the effect of the inlet velocity profile
is present only in the near-inlet region where entrance
effects are present. For larger values of z*, the Nu,, and
JapReiwn curves for these two cases are almost indis-
tinguishable from each other. This observation is
encouraging since it suggests that the same correlation
developed for thermally developing flow can be applied
to simultaneously developing flow in that region.

CORRELATIONS

The results obtained in the present study indicated
that in the near-inlet region (A < 1), where forced
convection dominates, separate correlations are
necessary for predicting Nusselt numbers for ther-
mally developing and simultaneously developing flow
and heat transfer. Thus, for (A < 1), the average Nus-
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Fig. 6. (a) Effect of inlet velocity profile on average Nusselt
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flow and heat transfer. (b) Effect of inlet velocity profile
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selt number, Nu,,, was correlated as :
Nu,,
Nurpcr N
(V+ )0. 18
thermally developing
(V+)0‘22 [1 +0067(Z+ Pr) -0.62]0‘27

simultaneously developing

@n

where Nurp cp is the length-averaged Nusselt number
for constant property thermally developing forced
convection flow, and is given [34] as:

Nurpcp =
—0.5632+41.57z"
0.9828+1.1292* "™
3.6568+0.1272z"

—0.3351

070 <zt <1077

1072 <2 <1072

7 exp (—3.1563z%), 2% > 1072
(22)
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Table 4. Experimental database used for correlation in the present study
Data
Reference points Re Pr Ra/10O® U/ L/iD Fluid
Kern and 251 162420 39--2040 5.3-896 0 1.4-51.6 48 0Oil
Othmer [5] 100
193
Oliver [8] 89 0.2-1580 5.5-15100  0.006-26.9 0.1-2.9 72 Ethyl alcohol,
glycerol-water,
water
Brown and 85  235-1240 3.5-74 2.0-204 0.5-0.9 36 Water
Thomas [9] 72
108
Depew and 40 5-1810  5.7-391 2.0-141 0.3-0.8 28.4 Glycerol-water,
August [11] water,
ethyl-alcohol
Holden and 43 13-1380 137-714 2.7-10.1 24-124 119.2 Oil
White [36] 113.3
Drew [37] 29 7-109 142643 0.2-0.3 1.7-8.1 220 Glycerol-water
Marner and 70 26-533 1150-7000 3.0-16.1 0.0048-42.8 100.43  Liquid polymer
Bergles [38]
Pentermann [39] 68  584-2000 230-268 9.4-15.9 0.1-4.7 143.88  Oil

However, for A > 1, where natural convection effects
dominate, a single equation is sufficient to correlate
the MNusselt numbers for both thermally and simul-
taneously developing flow and heat transfer as:

Nity, = 7.93Ra® F-005 In (1+0.134)/A. (23)

it may be noted that, in the near-inlet region, usage
of v* rather than # correlates the heating and cooling
data better, whereas for A > 1, usage of & in the
correlation works out better. Equation (23) is similar
to the one proposed by Hieber [13], but uses a differ-
ent parameter, A, instead of Ra'/*z* as used by
Hieber [13]. The proposed correlation predicts the
experimental data obtained by eight different inves-
tigations (see Table 4) and the present numerical
results within a r.m.s. errorf of 10.6% and 16.6%
for A <1 and A > 1, respectively, and has an over-
all r.m.s error of 15.5% for the complete range of
A. The correlation is valid in the range 0.0048 <
Kultty < 51,6, 6x 107 < Ra< 108, 2 < Pr < 15,100,
107% < z* < 0.2, and Re < 2420, which covers a wide
spectrum of viscous liquids ranging from water to oils.
The propased correlation is an improvement over the
existing ones both in terms of accuracy and wider
range of applicability. The existing correlations were
developed from smaller databases, and, hence, their
accuracy degenerates when applied to the current
large database comprising both numerical and exper-
imental data for thermally developing flow, as shown
in Table 5 (the correlations of Jackson ez al. {7} and
Yousef and Tarasuk [12] were not compared as they
are valid for air only). For instance, the widely used
correlation of Depew and August [11] was developed
from their own data and a few selected datasets of
Kern and Othmer (5], Oliver [8], and Brown and
Thomas [9]. As a further check of the accuracy of the

T Error = Nucorrelation/Nuda‘a ~1

existing correlation, the Eubank and Proctor cor-
relation [6] (see Table 5) was re-fitted using the current
larger database. The re-fitted equation had a r.m.s.
error of around 26% and is thus less accurate than
the proposed one.

Similarly, the apparent friction factor for develop-
ing mixed convection flow and heat transfer was cor~
refated as

forA<i:
thermally developing flow

JeppRein — 098 (}’3_)4'l2(v+)3.9s

16 Vin (24)

simultaneously developing flow

f-:iPP

= _v_W (v+)0.88[1 +0.39(2*)—0‘29]_0‘45.

f;app,CP Vin

ForA>1:

@5)

thermally and simultaneously developing flow

heating

’1“—"6"- = 3.19:—wRa°"397*2‘3‘ In (1+0.07A)/A

cooling

(26)

fapp

= 1.36E(V+)0‘86AA0'07(Z*)0'13 (27)
f;\pp,CP Vin
where

Japp.crRe B 0.3016
16 04634

140.1526/(10°2%) — 0.4068z* ~ 2192
1—1.693 x 19— 8z* 03631

(28)

Equations (24)—(27) predict the current friction fac-
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Table 5. Accuracy of available length-averaged Nusselt correlations for
thermally developing flow when applied to current experimental and
numerical database

Minimum  Maximum r.m.s.
Correlation error(%) error(%) error(%)
Kern and Othmer {5] —70.5 287.4 57.7
Eubank and Proctor [6] —46.2 154.8 22.0
Oliver [8] —63.4 3203 38.6
Brown and Thomas [9] —66.8 922.2 152.8
ESDU [10] —255 402.5 526
Depew and August [11] —64.4 153.3 39.1
Hieber [13) -16.0 369.9 84.4
Palen and Taborek [14] —57.1 790.1 117.4
Present correlation
A<t —30.7 86.5 10.6
A>1 —50.3 117.3 16.6
Overall 15.5

tor data of this study to within a r.m.s. error of 10.3, REFERENCES

7.0, 13.6, and 8.8%, respectively, and has the same
range of validity as that of the Nusselt number cor-
relation.

CONCLUSIONS

Numerical analysis of thermally developing and
simultaneoysly developing mixed convection flow
with variable viscosity for both heating and cooling
were carried out. A scaling analysis was performed to
find a parameter which was used to help correlate
the available experimental and the present numerical
data. From this study we can conclude that variable
viscosity effects can be significant, being more pro-
nounced on the friction factor than on the Nusselt
numbers. Thus, variable viscosity effects should be
included in the analysis in order to make accurate
predictions. Buoyancy effects were found to be neg-
ligible in the near-inlet region where entrance effects
dominate. Thus, the inlet velocity profile influences
the heat transfer and pressure drop in the near-inlet
region only.

The proposed correlations are more accurate and
have a wider range of applicability than those now
available in the literature. To the best of the authors’
knowledge, correlations for predicting pressure drop
in simultaneously developing mixed convection flow
do not exist. Thus, these correlations should be of
particular use to designers, provided they can be
experimentally validated to some degree. Finally, this
study has demonstrated that a judicious combination
of scaling analysis, analysis of available experimental
data, and accurate numerical modeling can be used as
a useful tool for analysis and developing accurate
thermal-hydraulic correlations.
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